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Phasing of gravitational waves from inspiralling eentri binaries at the
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We obtain an eient desription for the dynamis of nonspinning ompat binaries moving in
inspiralling eentri orbits to implement the phasing of gravitational waves from suh binaries at
the 3.5 post-Newtonian (PN) order. Our omputation heavily depends on the phasing formalism,
presented in [T. Damour, A. Gopakumar, and B. R. Iyer, Phys. Rev. D 70, 064028 (2004)℄, and
the 3PN aurate generalized quasi-Keplerian parametri solution to the onservative dynamis
of nonspinning ompat binaries moving in eentri orbits, available in [R.-M. Memmesheimer,
A. Gopakumar, and G. Shäfer, Phys. Rev. D 70, 104011 (2004)℄. The gravitational-wave (GW)
polarizations h+ and h× with 3.5PN aurate phasing should be useful for the earth-based GW
interferometers, urrent and advaned, if they plan to searh for gravitational waves from inspiralling
eentri binaries. Our results will be required to do astrophysis with the proposed spae-based
GW interferometers like LISA, BBO, and DECIGO.
PACS numbers: 04.30.Db, 04.25.Nx, 04.80.Nn, 95.55.Ym
I. INTRODUCTION
Inspiralling ompat binaries of arbitrary mass ratio
moving in quasi-irular orbits are the most plausible
soures of gravitational radiation for the rst generation
ground-based interferometri detetors [1℄. The avail-
ability of highly aurate general relativisti theoretial
waveforms required to extrat the weak GW signals from
the noise-dominated interferometri data is the main rea-
son for the above understanding. The dynamis of long
lived and isolated ompat binaries an be modelled a-
urately in the PN approximation to general relativity as
point partiles moving in quasi-irular orbits. The PN
approximation allows one to express the equations of mo-
tion of a ompat binary as orretions to the Newtonian
equations of motion in powers of (v/c)2 ∼ GM/(c2R),
where v, M , and R are the harateristi orbital velo-
ity, the total mass, and the typial orbital separation of
the binary, respetively. Reently, the orbital evolution
of nonspinning ompat binaries in quasi-irular orbits,
under the ation of general relativity, was omputed up
to the 3.5PN order in Ref. [2℄. The amplitude orretions
to the GW polarizations h+ and h× are also available to
the 2.5PN order [3℄.
However, a reent surge in astrophysially motivated
investigations indiates that ompat binaries of arbi-
trary mass ratio moving in inspiralling eentri orbits
are also plausible soures of gravitational radiation even
for the ground-based GW interferometers. One of the
earliest senarios involves Kozai osillations, assoiated
with hierarhial triplets that may be present in globular
lusters [47℄. Last year, it was pointed out that dur-
ing the late stages of blak holeneutron star (BHNS)
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inspiral the binary an beome eentri [8℄. This is be-
ause in general the neutron star is not disrupted at the
rst phase of mass transfer and what remains of the neu-
tron star is left on a wider eentri orbit from where it
again inspirals bak to the blak hole. This senario was
very reently invoked to explain the light urve of the
short gamma-ray burst GRB 050911 [9℄. Another se-
nario, reported in Nature, suggests that at least partly
short GRBs are produed by the merger of NSNS bi-
naries, formed in globular lusters by exhange intera-
tions involving ompat objets [10℄. A distint feature
of suh binaries is that they have high eentriities at
short orbital separation [see Fig. 2 in Ref. [10℄℄. Com-
pat binaries that merge with some residual eentrii-
ties may be present in galaxies too. Chaurasia and Bailes
demonstrated that a natural onsequene of an asymmet-
ri kik imparted to neutron stars at birth is that the ma-
jority of NSNS binaries should possess highly eentri
orbits [11℄. Further, the observed deit of highly een-
tri short-period binary pulsars was attributed to sele-
tion eets in pulsar surveys. The authors also pointed
out that their onlusions are appliable to BHNS and
BHBH binaries. Yet another senario that an reate
inspiralling eentri binaries with short periods involves
ompat star lusters. It was noted that the interplay be-
tween GW-indued dissipation and stellar sattering in
the presene of an intermediate-mass blak hole an re-
ate short-period highly eentri binaries [12℄. Finally, a
very reent attempt to model realistially ompat lus-
ters that are likely to be present in galati enters indi-
ates that ompat binaries usually merge with eentri-
ities [13℄. These above mentioned senarios fore us to
laim that ompat binaries in inspiralling eentri or-
bits are plausible soures of gravitatinal waves even for
the ground-based GW interferometers.
In order to do astrophysis with the proposed spae-
based GW interferometers, LISA [14℄, BBO [15℄, and DE-
CIGO [16℄, it is required to have highly aurate GW
2polarizations, h+ and h×, from ompat binaries of arbi-
trary mass ratio moving in inspiralling eentri orbits.
Reall, the earlier disussions also indiate that stellar-
mass ompat binaries in eentri orbits are exellent
soures for LISA. Furthermore, it is expeted that LISA
will hear gravitational waves from intermediate-mass
blak holes moving in highly eentri orbits [1719℄. Fi-
nally, several papers whih appeared reently in the arXiv
indiate that supermassive blak-hole binaries, formed
from galati mergers, may oalese with orbital een-
triity [2024℄. It is interesting to note that these inves-
tigations employ dierent tehniques and astrophysial
senarios to reah the above onlusion.
The above mentioned astrophysially inspired inves-
tigations motivated us to extend the phasing formal-
ism, developed and implemented with 2.5PN auray in
Ref. [25℄, to the next PN order, namely, the 3.5PN order.
The phasing formalism provides a method to onstrut,
almost analytially, templates for ompat binaries of ar-
bitrary mass ratio moving in inspiralling eentri orbits.
We reall that aurate templates for the detetion
of gravitational waves require phasing, i.e., an aurate
mathematial modelling of the ontinous time evolution
of the GW polarizations. In the ase of inspiralling een-
tri binaries, the above modelling requires the ombina-
tion of three dierent time sales present in the dynam-
is, namely, those assoiated with the radial motion (or-
bital period), advane of periastron, and radiation rea-
tion, without treating radiation reation in an adiabati
mannner. In Ref. [25℄, an improved method of variation
of onstants was presented to ombine these three time
sales and to obtain the phasing at the 2.5PN order. We
note that the tehniques adapted in Ref. [25℄ were in-
uened by the mathematial formulation, developed by
Damour [2628℄, that gave the (heavily employed) au-
rate relativisti timing formula for binary pulsars [29, 30℄.
It is possible to extend the phasing to the 3.5PN or-
der, mainly beause of the reent determination of the
3PN aurate generalized quasi-Keplerian parametri so-
lution to the onservative dynamis of nonspinning om-
pat binaries of arbitrary mass ratio moving in eentri
orbits [31℄. This parametrization, presented in Ref. [31℄,
allows one to solve analytially the 3PN aurate onser-
vative dynamis of nonspinning ompat binaries, om-
puted both in ADM-type oordinates [32℄ and in har-
moni oordinates [33℄, indiating the deterministi na-
ture of the underlying dynamis [34℄. Further, we reall
that Ref. [31℄ extends the quasi-Keplerian parametriza-
tion developed by Damour and his ollaborators [3537℄,
whih is ruial to onstrut the timing formula relevant
for relativisti binary pulsars [29, 30℄. This observation
learly reveals the link, as envisaged by Damour, onnet-
ing GW observations of inspiralling ompat binaries to
the timing of binary pulsars. In Ref. [25℄, expliit om-
putations to realize the phasing at the 2.5PN order were
done in ADM oordinates as at that time the 2PN a-
urate generalized quasi-Keplerian parametrization, re-
quired by the method of variation of onstants, was only
available in ADM oordinates. However, in this paper,
omputations required for the phasing at the 3.5PN order
are done in harmoni oordinates. Harmoni oordinates
are preferred as omputations that lead to ready to use
searh templates for ompat binaries in quasi-irular
orbits are usually performed in harmoni gauge [2℄.
This paper has the following plan. In Se. II, we out-
line the proedure, detailed in Ref. [25℄, to perform the
phasing. Setion III provides expliit formulae required
for the 3.5PN aurate phasing, whih also inlude 3.5PN
aurate equations for the seular and periodi variations
of the orbital elements involved in the phasing. The pi-
torial representation of the main results and the related
disussions are presented in Se. IV. Finally, in Se. V,
we give a brief summary and point out possible exten-
sions. Appendies A and B deal with omputational de-
tails and some supplementary results.
II. BRIEF DESCRIPTION OF GW PHASING
FOR INSPIRALLING ECCENTRIC BINARIES
In this setion, we summarize the basi ideas of GW
phasing, as detailed in Ref. [25℄. We also disuss what is
required for this purpose and how the method of variation
of onstants will be invoked.
A. Basi struture of GW phasing
Let us rst desribe the method, developed in Ref. [25℄,
to implement the GW phasing for ompat binaries in
inspiralling eentri orbits. The theoretial templates
required by the GW interferometers onsist of the two
independent GW polarization states h+ and h×. The ap-
propriate expressions for h+ and h×, expressed in terms
of the binary's intrinsi dynamial variables and loation,
are given by
h+ =
1
2
(pipj − qiqj)hTTij , (1a)
h× =
1
2
(piqj + pjqi)h
TT
ij , (1b)
where hTTij is the transverse-traeless (TT) part of the
radiation eld. The two orthogonal unit vetors p and
q span the plane of the sky, i.e., the plane transverse to
the radial diretion linking the soure to the observer.
The TT radiation eld is given, by the existing GW
generation formalisms [2, 3, 3840℄, as a PN expansion in
(v/c). In this paper, for simpliity, we will restrit hTTij to
its leading quadrupolar order and denote it by hTTij |Q.
However, higher-PN orretions to hTTij are available in
the existing literature [40, 41℄. The expliit expression
for hTTij |Q, in terms of the relative separation vetor r
and the relative veloity vetor v, reads
hTTkm
∣∣
Q
=
4Gµ
c4R′
Pijkm(N)
(
vivj − GM
r
ninj
)
, (2)
3where Pijkm(N) is the usual TT projetion operator pro-
jeting normal to N , where N = R′/R′ is the line-of-
sight unit vetor from the binary to the observer, and
R′ = |R′| is the orresponding radial distane. The re-
dued mass of the binary µ is given by m1m2/M , where
M ≡ m1 +m2 is the total mass of the binary onsisting
of individual masses m1 and m2. The omponents of the
unit relative separation vetor n = r/r, where r = |r|,
and the veloity vetor v = dr/dt are denoted by ni and
vi, respetively.
In order to ompute h+|Q and h×|Q, the expressions
for the GW polarization states when their amplitudes are
restrited to the leading quadrupolar order, one needs to
hoose a onvention for the diretion and orientation of
the orbital plane with respet to the plane of sky. We fol-
low the onvention used in Refs. [25, 39, 40℄ for hoosing
the orthonormal triad (p, q,N)  N from the soure to
the observer and p toward the orrespondingly dened
asending node  and use r = r cosφp+ r sinφ(cos iq+
sin iN), where i denotes the inlination angle of the or-
bital plane with respet to the plane of the sky. This
leads to the following lowest-order ontributions to the
two independent GW polarization states as funtions of
the relative separation r and the true anomaly φ, i.e.,
the polar angle of r, and their time derivatives r˙ and φ˙,
whih read [25℄
h+(r, φ, r˙, φ˙)
∣∣
Q
= − Gµ
c4R′
{
(1 + C2)
[
2r˙rφ˙ sin 2φ
+
(
GM
r
+ r2φ˙2 − r˙2
)
cos 2φ
]
+ S2
(
GM
r
− r2φ˙2 − r˙2
)}
, (3a)
h×(r, φ, r˙, φ˙)
∣∣
Q
= −2GµC
c4R′
[(
GM
r
+ r2φ˙2 − r˙2
)
sin 2φ
− 2r˙rφ˙ cos 2φ
]
, (3b)
where C and S are shorthand notations for cos i and sin i,
respetively. The orbital phase is denoted by φ, φ˙ =
dφ/dt, and r˙ = dr/dt = n · v.
In order to ahieve the GW phasing for ompat bi-
naries of arbitrary mass ratio moving in inspiralling e-
entri binaries, we need to provide expliit expressions
desribing the temporal evolution of r(t), φ(t), r˙(t), and
φ˙(t), the only dynamial variables appearing in Eqs. (3).
Following Ref. [25℄, we refer to, as phasing, an expliit
way to dene the latter time dependenes. This is the
ruial input to derive ready to use waveforms h+(t) and
h×(t). Adapting the formalism presented in Ref. [25℄,
we will provide the above desired time evolution to the
3.5PN order in an almost parametri manner.
However, there are a few points that we want to lar-
ify before we desribe the above proedure. First, as ex-
plained in Ref. [25℄, the possibility of obtaining expliit
expressions for the GW polarizations h+|Q and h×|Q in
terms of the relative dynamis, speied by r(t), φ(t),
r˙(t), and φ˙(t), relies on the possibility of going to a suit-
able dened enter-of-mass (COM) frame. Though suh
a frame exists only to the 3PN order [42℄, we will not
worry about the assoiated reoil of the enter of mass
at the 3.5PN order. This is beause, as demonstrated
in Ref. [25℄, the inuene of the reoil on waveforms ap-
pears at the 4PN order and we may safely neglet it for
the present omputation.
A seond point, again detailed in Ref. [25℄, is that the
GW polarizations h+|Q and h×|Q only depend on the
temporal evolution of r(t), φ(t), r˙(t), and φ˙(t), as we are
dealing with nonspinning ompat objets. In the pres-
ene of spin interations, the orbital plane is no longer
xed in spae and one needs to introdue further vari-
ables [30, 36, 43, 44℄. However, expressions for h+|Q and
h×|Q, valid for spinning ompat binaries are reently
obtained in Ref. [43℄ and the phasing for suh binaries
will be reported elsewhere.
Finally, we want to disuss the hoie of the under-
lying oordinate system. Though the expliit funtional
forms of h+(r, φ, r˙, φ˙)|Q and h×(r, φ, r˙, φ˙)|Q, as well as
the phasing relations r(t), φ(t), r˙(t), and φ˙(t) depend on
the used oordinate system, the nal results h+(t) and
h×(t) do not. Note that h
TT
ij and therefore h+(t) and
h×(t) are oordinate independent asymptoti quantities.
In this paper, we onsistently work in harmoni oordi-
nates beause (i) they will allow us to write down expliit
analytial expressions for the orbital phasing r(t), φ(t),
r˙(t), and φ˙(t), based on Ref. [31℄, and (ii) the harmoni
oordinate systems are used in the standard GW gen-
eration formalisms to derive the amplitude expressions,
giving higher-PN orretions to hTTij .
In the next subsetion, we will explain a version of the
general Lagrange method of variation of arbitrary on-
stants, whih was employed to ompute, within general
relativity, the orbital evolution of the Hulse-Taylor bi-
nary pulsar [27, 28℄, and applied for the 2.5PN aurate
phasing in Ref. [25℄.
B. Improved method of variation of onstants and
its implementation at the 3.5PN order
The method, presented in Ref. [25℄, begins by split-
ting the relative aeleration A of the ompat binary
into two parts, an integrable leading part A0 and a per-
turbative part A
′
, as A = A0 + A
′
. The method rst
onstruts the solution to the unperturbed system, de-
ned by
r˙ = v , (4a)
v˙ = A0(r,v). (4b)
The solution to the exat system
r˙ = v , (5a)
v˙ = A(r,v) , (5b)
4is then obtained by varying the onstants in the generi
solution of the unperturbed system, given by Eqs. (4).
In this paper, we work to the 3.5PN order and therefore
A0 will be the aeleration at the 3PN order and A
′
on-
tains the reative 2.5PN and 3.5PN ontributions. The
method assumes  as is true for A
conservative
3PN  that
the unperturbed system admits suiently many inte-
grals of motion to be integrable. At the 3PN order with
A0 = A3PN, we have four rst integrals: the 3PN a-
urate energy and the 3PN aurate angular-momentum
vetor of the binary. We denote these quantities, written
in the 3PN aurate COM frame by c1 and c
i
2:
c1 = E(r,v)
∣∣
3PN COM
, (6a)
ci2 = Li(r,v)
∣∣
3PN COM
. (6b)
At the 3PN order, the funtional form of the solution to
the unperturbed equations of motion in the COM frame,
following Refs. [27, 31℄, may be expressed as
r = S(l; c1, c2) , (7a)
r˙ = n
∂S
∂l
(l; c1, c2) , (7b)
φ = λ+W (l; c1, c2) , (7)
φ˙ = (1 + k)n+ n
∂W
∂l
(l; c1, c2) , (7d)
where λ and l are two basi angles, whih are 2pi periodi,
and c2 = |ci2|. The funtions S(l) and W (l) and hene
their derivatives
∂S
∂l (l) and
∂W
∂l (l) are also periodi in
l. In the above equations, n denotes the unperturbed
mean motion, given by n = 2pi/P , P being the radial
(periastron to periastron) period, while k = ∆Φ/(2pi),
where ∆Φ represents the advane of periastron in the
time interval P . The expliit 3PN aurate expressions
for P and k in terms of c1 and c2 are obtainable from
Refs. [31, 45℄. The angles l and λ satisfy, still for the
unperturbed system, l˙ = n and λ˙ = (1 + k)n, whih
integrate to
l = n(t− t0) + cl , (8a)
λ = (1 + k)n(t− t0) + cλ , (8b)
where t0 is some initial instant and the onstants cl and
cλ are the orresponding values for l and λ. Note that the
unperturbed solution depends on four integration on-
stants: c1, c2, cl, and cλ.
Before we explain the presription to obtain the phas-
ing at the 3.5PN order, let us rst present our desription
of the 3PN aurate onservative dynamis. The 3PN a-
urate parametri solution to the dynamis of ompat
binaries of arbitrary mass ratio moving in eentri or-
bits, derived in Ref. [31℄, allows us to desribe the orbital
motion in the 3PN aurate COM frame. The vetorial
struture of ci2 [see Eq. (6b)℄, indiates that the unper-
turbed 3PN aurate motion takes plae in a plane, the
so-alled orbital plane. The problem is restrited to a
plane even in the presene of radiation reation. There-
fore, we introdue polar oordinates in the orbital plane,
r and φ, suh that the relative separation vetor r takes
the following form r = r cosφi+ r sinφj, where we may
hoose i = p and j = cos iq + sin iN as the denition
for the basi vetors. The dynamial variables r and φ,
available in Ref. [31℄, are parametrially given by
r = ar (1− er cosu) , (9a)
φ− φ0 = (1 + k)v +
(
f4φ
c4
+
f6φ
c6
)
sin 2v
+
(
g4φ
c4
+
g6φ
c6
)
sin 3v +
i6φ
c6
sin 4v
+
h6φ
c6
sin 5v , (9b)
where v = 2 arctan
[(
1 + eφ
1− eφ
)1/2
tan
u
2
]
. (9)
In the above equations, ar, er, and eφ are some 3PN
aurate semimajor axis, radial eentriity, and angu-
lar eentriity, respetively, while f4φ, f6φ, g4φ, g6φ, i6φ,
and h6φ are some PN aurate orbital funtions. The
following 3PN aurate Kepler equation onnets the e-
entri anomaly u (and hene the true anomaly v) to the
oordinate time t and reads
l ≡ n (t− t0) = u− et sinu+
(
g4t
c4
+
g6t
c6
)
(v − u)
+
(
f4t
c4
+
f6t
c6
)
sin v +
i6t
c6
sin 2v
+
h6t
c6
sin 3v . (10)
Here et denotes some time eentriity and g4t, g6t, f4t,
f6t, i6t, and h6t are some PN aurate orbital funtions.
All these PN aurate orbital elements and funtions,
expressible in terms of c1, c2, and η ≡ µ/M , are available
in Ref. [31℄.
With the help of the above 3PN aurate parametri
solution, we write down expliit expressions for the fun-
tions S(l) and W (l):
S(l; c1, c2) = ar(1 − er cosu) , (11a)
W (l; c1, c2) = (1 + k)(v − l) +
(
f4φ
c4
+
f6φ
c6
)
sin 2v
+
(
g4φ
c4
+
g6φ
c6
)
sin 3v +
i6φ
c6
sin 4v
+
h6φ
c6
sin 5v . (11b)
We emphasize that for the phasing the anomalies v and
u in Eqs. (11) have to be expressed as funtions of l, c1,
and c2. This an be ahieved in the following way, written
symbolially as v = V(l; c1, c2) = V [U(l; c1, c2)] and u =
U(l; c1, c2). First, reall that the funtion v ≡ V (u) is
dened by Eq. (9), and seond, the funtion u = U(l) is
dened by inverting the Kepler equation l = l(u), given
by Eq. (10). Finally, the funtion v = V(l) is obtained by
inserting u = U(l) in v = V (u), i.e., v = V(l) ≡ V [U(l)].
5In our omputations, we use the following exat rela-
tion for v − u, whih is also periodi in u:
v − u = 2 tan−1
(
βφ sinu
1− βφ cosu
)
, (12)
where βφ = (1 −
√
1− e2φ)/eφ [for the derivation of
Eq. (12), see Appendix A℄.
In line with the method of variation of onstants, we
write down the following general solution to the reative
3.5PN aurate dynamis, Eqs. (5), as
r = S(l; c1, c2) , (13a)
r˙ = n
∂S
∂l
(l; c1, c2) , (13b)
φ = λ+W (l; c1, c2) , (13)
φ˙ = (1 + k)n+ n
∂W
∂l
(l; c1, c2) . (13d)
However, the onstants c1 and c2, appearing in Eqs. (7),
are now funtions of time in Eqs. (13): c1 = c1(t) and
c2 = c2(t). The temporal variation of the basi angles l
and λ, entering Eqs. (13), is now given by
l ≡
∫ t
t0
ndt+ cl(t) , (14a)
λ ≡
∫ t
t0
(1 + k)ndt+ cλ(t) , (14b)
involving two new temporally evolving quantities cl(t)
and cλ(t). In the method of variation of onstants, we
searh for solutions of the exat system, Eqs. (5), in the
form given by Eqs. (13) and (14) with four varying on-
stants: c1(t), c2(t), cl(t), and cλ(t). These four new vari-
ables replae the original four dynamial variables r(t),
r˙(t), φ(t), and φ˙(t), and satisfy, like the original phase-
spae variables, rst-order evolution equations [27, 28℄.
These rst-order evolution equations for c1(t), c2(t), cl(t),
and cλ(t) are available in Refs. [25, 28℄ and read in our
notation
dc1
dt
=
∂c1(r,v)
∂vi
A′i , (15a)
dc2
dt
=
∂c2(r,v)
∂vj
A′j , (15b)
dcl
dt
= −
(
∂S
∂l
)−1(
∂S
∂c1
dc1
dt
+
∂S
∂c2
dc2
dt
)
, (15)
dcλ
dt
= −∂W
∂l
dcl
dt
− ∂W
∂c1
dc1
dt
− ∂W
∂c2
dc2
dt
. (15d)
In addition, an alternative expression for dcl/dt is pre-
sented in Refs. [25, 28℄, whih we used for some supple-
mentary heks.
We observe that the denition of the sole angle l, ap-
pearing in Eqs. (15), given by l =
∫ t
t0
n[ca(t)]dt + cl(t),
where ca, a = 1, 2 stands for c1 and c2, is equiva-
lent to the dierential form dl/dt = n(ca) + dcl/dt =
n(ca)+Fl(l; ca). This allowed Ref. [25℄ to write the above
set of equations, namely, Eqs. (15) for cα as funtions of
t, as a set of dierential equations for cα as funtions of
l, whih symbolially reads
dcα
dl
=
Fα(l; ca)
n(ca) + Fl(l; ca)
, (16)
where α = 1, 2, l, λ and a = 1, 2. Negleting terms
quadrati in Fα, i.e., quadrati in the perturbation A
′
,
terms of O(c−10) (and higher-PN orders), we an simplify
the system above to
dcα
dl
≃ Fα(l; ca)
n(ca)
≡ Gα(l; ca) . (17)
It is important to note at this stage that in the above pre-
sription, whih neglets O(c−10) terms, the right-hand
side of Eq. (17), rst, is just a funtion of c1, c2, and the
sole angle l (and not of λ), and seond, it is a periodi
funtion of l. This periodiity, together with the slow
evolution of the cα's, learly indiates that the evolution
of cα(l) ontains not only a slow seular drift, but also
fast periodi osillations. The seular drift ours in the
radiation-reation time sale, while the time sale for the
periodi osillations is that of the orbital motion.
Following Ref. [25℄, we model the ombination of the
slow drift and the fast osillations in cα(l), by a two-sale
deomposition of cα(l), whih reads
cα(l) = c¯α(l) + c˜α(l) . (18)
In the above equation, c¯α(l) denotes the slow drift, whih
aumulates over the radiation-reation time sale to in-
due large hanges in cα(l), while the fast osillations in
cα(l) are denoted by c˜α(l), whih will be always smaller
than c¯α(l).
In this paper, we are interested in the 3.5PN aurate
evolution of c¯α(l) and c˜α(l). The orresponding evolution
equations for c¯α(l) and c˜α(l) follow from the ombination
of Eqs. (41), (43), and (44) of Ref. [25℄ and read
dc¯α
dl
= G¯α(c¯a) =
1
2pi
∫ 2pi
0
G(l; c¯a) dl , (19a)
dc˜α
dl
= G˜α(l; c¯a) = Gα(l; c¯a)− G¯α(c¯a) . (19b)
Finally, the arguments that gave the 2.5PN aurate
unique zero-average expressions for c˜α(l) in Ref. [25℄, an
be extended to obtain the 3.5PN aurate expressions for
c˜α(l). This leads to the solution of Eq. (19b), onsidered
for xed values of c¯a,
c˜α(l) =
[∫
G˜α(l; c¯a) dl
]
c¯a=c¯a(l)
=
∫
F˜α(l; c¯a)
dl
n
. (20)
We reall from Ref. [25℄ that the indenite integral in
Eq. (20) is dened as the unique zero-average periodi
primitive of the zero-average (periodi) funtion G˜α(l).
6During that integration, the arguments c¯a are kept xed,
and, after the integration, they are replaed by the slowly
drifting solution of Eq. (19a).
Furthermore, a onsisteny hek of the two-sale
method was also provided in Ref. [25℄ by exploring the
eets of the above negleted seond-order terms in
Eqs. (17)(20). It was shown there that the separation
between the two sales remains valid on very long time
sales and that seond-order (and higher-order) eets
ause only frationally small separate orretions to the
evolution of c¯α(l) and c˜α(l).
In the next setion, we will implement the arguments
developed above and obtain expliit expressions to per-
form the GW phasing at the 3.5PN order.
III. ANALYTICAL EXPRESSIONS FOR THE
3.5PN ACCURATE PHASING
In this setion, we apply the above desribed improved
method of variation of arbitrary onstants, whih gave
us the evolution equations for c¯α and c˜α, to ahieve the
GW phasing in the following way. First, we ompute the
3PN aurate parametri expressions for the dynamial
variables r, r˙, φ, and φ˙ entering the expressions for h+|Q
and h×|Q, given by Eqs. (3). Then we solve the evolution
equations for c1, c2, cl, and cλ, given by Eqs. (17), on the
3PN aurate orbital dynamis, given in Eqs. (7). This
leads to an evolution system, given by Eqs. (19), where
the right-hand side ontains dominant O(c−5) terms and
their rst orretions, i.e., O(c−7) terms. Later, we will
impose these variations on the 3PN aurate expressions
for the dynamial variables r, r˙, φ, and φ˙, appearing in
h+|Q and h×|Q, given by Eqs. (3). This allows us to
obtain GW polarizations, whih are Newtonian aurate
in their amplitudes and 3.5PN aurate in the orbital
dynamis. Following Ref. [25℄, the above proedure is
alled 3.5PN aurate phasing of gravitational waves. In
our omputations, the quasi-periodi osillations in cα,
governed by G˜α, are restrited to the 1PN reative or-
der. Therefore, we will not explore higher-PN orre-
tions to the above G˜α. However, in Appendix B, we
will present the onsequenes of onsidering higher-PN
orretions to G¯α by omputing O(c−9) ontributions to
relevant dc¯α/dt. This is desirable as G¯α diretly on-
tributes to the highly important adiabati evolution of
h+ and h×.
In this paper, we follow Ref. [25℄ and employ as c1 the
mean motion n, and as c2 the time eentriity et, instead
of the energy E and the angular momentum L, respe-
tively, to desribe the PN aurate reative dynamis.
This an be done by employing 3PN aurate expressions
for n and et in terms of E and L, derived in Ref. [31℄. This
implies that rst, we have to express the 3PN aurate
orbital dynamis in terms of l, n, and et. Seond, using n
and et, instead of E and L as c1 and c2, respetively, we
need to derive the evolution equations for dn/dt, det/dt,
dcl/dt, and dcλ/dt in terms of l, n, and et. This will
follow straightforwardly from Eqs. (15). Using these ex-
pressions, the evolution equations, namely, Eqs. (19), for
n¯, e¯t, c¯l, c¯λ, n˜, e˜t, c˜l, and c˜λ will be obtained in terms of
l, n¯, and e¯t.
Let us now obtain the expliit 3PN aurate expres-
sions for the orbital dynamis.
A. 3PN aurate onservative dynamis
As mentioned earlier, we restrit in this paper the on-
servative dynamis to the 3PN order. Below, we present
the 3PN aurate orbital dynamis, namely, r, r˙, φ, and
φ˙, as given by Eqs. (13), expliitly in terms of u, n, and
et. This straightforward omputation employs expliit
expressions for the PN orbital elements ar, er, eφ, k, f4φ,
f6φ, g4φ, g6φ, i6φ, h6φ, g4t, g6t, f4t, f6t, i6t, and h6t of
the generalized quasi-Keplerian representation, available
in Ref. [31℄. We note that the above PN orbital elements,
given in terms of E and L in Ref. [31℄, an easily be ex-
pressed in terms of n and et with the help of the following
3PN aurate relations for −2E and −2EL2:
−2E = (GMn)2/3
{
1 +
ξ2/3
12
(15− η) + ξ
4/3
24
[
15− 15η − η2 + 24√
1− e2t
(5− 2η)
]
+
ξ2
5184
[
− 4995− 6075η − 450η2
− 35η3 + 864√
1− e2t
(15 + 23η − 20η2) + 18
(1− e2t )3/2
(
11520− 15968η+ 123pi2η + 2016η2) ]} , (21a)
−2EL2 = (1− e2t )
(
1 +
ξ2/3
4(1− e2t )
[
9 + η − (17− 7η)e2t
]
+
ξ4/3
24(1− e2t )2
[
189− 45η + η2 − 2(111 + 7η + 15η2)e2t
+ (225− 277η + 29η2)e4t − (360− 144η)e2t
√
1− e2t
]
+
ξ2
6720(1− e2t )3
{
35(5535− 9061η + 246pi2η
+ 142η2 − η3) + (299145− 1197667η+ 25830pi2η + 173250η2 + 2345η3)e2t + 35(3549− 12783η+ 6154η2
− 131η3)e4t − 35(2271− 7381η + 2414η2 − 65η3)e6t + 70
[
24(45− 13η − 2η2)− (17880− 20120η
7+123pi2η + 2256η2)e2t + 96(55− 40η + 3η2)e4t
]√
1− e2t
})
, (21b)
where ξ ≡ GMn/c3 and η ≡ µ/M = m1m2/(m1 +m2)2. These two relations follow from inverting the 3PN aurate
relations for the orbital period P = 2pi/n and the squared time eentriity e2t in terms of E and L presented in
Eqs. (25) and (25d) in Ref. [31℄.
In addition, to ompute expressions for r˙ and φ˙, we use the following relations:
∂S
∂l
= arer sinu
∂u
∂l
, (22a)
∂W
∂l
=
[
1 + k + 2
(
f4φ
c4
+
f6φ
c6
)
cos 2v + 3
(
g4φ
c4
+
g6φ
c6
)
cos 3v + 4
i6φ
c6
cos 4v + 5
h6φ
c6
cos 5v
]
∂v
∂u
∂u
∂l
− (1 + k) , (22b)
∂u
∂l
=
{
1− et cosu− g4t
c4
− g6t
c6
+
[
g4t
c4
+
g6t
c6
+
(
f4t
c4
+
f6t
c6
)
cos v + 2
i6t
c6
cos 2v + 3
h6t
c6
cos 3v
]
∂v
∂u
}−1
, (22)
∂v
∂u
=
(1− e2φ)1/2
1− eφ cosu . (22d)
The radial motion, dened by r(l, n, et) and r˙(l, n, et), reads (both in the ompat and in the 3PN expanded form)
r = S(l, n, et) = ar(n, et)[1− er(n, et) cosu] = rN + r1PN + r2PN + r3PN , (23a)
where
rN =
(
GM
n2
)1/3
(1− et cosu) , (23b)
r1PN = rN × ξ
2/3
6(1− et cosu) [−18 + 2η − (6 − 7η)et cosu] , (23)
r2PN = rN × ξ
4/3
72(1− e2t )(1− et cosu)
{
−72(4− 7η) + [72 + 30η + 8η2 − (72− 231η + 35η2)et cosu] (1 − e2t )
− 36(5− 2η)(2 + et cosu)
√
1− e2t
}
, (23d)
r3PN = rN × ξ
2
(1− e2t )2(1 − et cosu)
(
−70
3
+
56221
840
η − 123
64
pi2η − 151
36
η2 +
2
81
η3 +
(
−2
3
+
87
16
η − 437
144
η2 +
49
1296
η3
)
× et cosu+
[
−52
3
+
2099
35
η − 41
64
pi2η − 341
18
η2 − 4
81
η3 +
(
4
3
− 87
8
η +
437
72
η2 − 49
648
η3
)
et cosu
]
e2t
+
[
2
3
− 1
8
η +
5
36
η2 +
2
81
η3 +
(
−2
3
+
87
16
η − 437
144
η2 +
49
1296
η3
)
et cosu
]
e4t +
{
−30 + 412
9
η − 41
96
pi2η − 10
3
η2
+
(
−45
2
+
1247
36
η − 41
192
pi2η − 31
6
η2
)
et cosu+
[
−10 + 29
3
η − 11
3
η2 +
(
5
2
− 83
12
η +
5
3
η2
)
et cosu
]
e2t
}
×
√
1− e2t
)
, (23e)
and
r˙ = n
∂S
∂l
(l, n, et) = r˙N + r˙1PN + r˙2PN + r˙3PN , (24a)
where
r˙N =
(GMn)1/3
(1− et cosu)et sinu , (24b)
r˙1PN = r˙N × ξ
2/3
6
(6− 7η) , (24)
r˙2PN = r˙N × ξ
4/3
72(1− et cosu)3
[
−468− 15η + 35η2 + (135η − 9η2)e2t + (324 + 342η − 96η2)et cosu+ (216− 693η
8+ 105η2)(et cosu)
2 − (72− 231η + 35η2)(et cosu)3 + 36√
1− e2t
(1− et cosu)2(4− et cosu)(5− 2η)
]
, (24d)
r˙3PN = r˙N × ξ
2
(1 − e2t )3/2(1− et cosu)5
(
75− 2071
18
η +
41
48
pi2η +
41
3
η2 +
(
5 +
25
6
η +
1
3
η2
)
e2t +
[
−645
2
+
17815
36
η
−697
192
pi2η − 359
6
η2 −
(
35
2
+
283
12
η − 1
3
η2
)
e2t
]
et cosu+
[
540− 7460
9
η +
287
48
pi2η +
308
3
η2 +
(
20 +
158
3
η
−14
3
η2
)
e2t
]
(et cosu)
2 +
[
−435 + 12025
18
η − 451
96
pi2η − 257
3
η2 −
(
5 +
349
6
η − 26
3
η2
)
e2t
]
(et cosu)
3
+
[
165− 4565
18
η +
41
24
pi2η +
103
3
η2 −
(
5− 191
6
η +
19
3
η2
)
e2t
]
(et cosu)
4 +
[
−45
2
+
1247
36
η − 41
192
pi2η − 31
6
η2
+
(
5
2
− 83
12
η +
5
3
η2
)
e2t
]
(et cosu)
5 +
{
−311
6
+
3599
48
η − 41
64
pi2η − 787
144
η2 − 49
1296
η3 +
(
191
6
+
1189
35
η
−41
64
pi2η − 1591
72
η2 +
52
81
η3
)
e2t +
(
−47η + 165
8
η2 − 17
12
η3
)
e4t +
(
23
16
η − 73
16
η2 +
13
16
η3
)
e6t +
[
685
6
− 60997
280
η
+
41
16
pi2η +
170
9
η2 +
55
648
η3 +
(
−325
6
− 10083
560
η +
41
32
pi2η +
3769
144
η2 +
673
1296
η3
)
e2t +
(
731
16
η − 169
16
η2
−29
48
η3
)
e4t
]
et cosu+
[
−425
6
+
10531
70
η − 205
64
pi2η +
85
18
η2 − 379
324
η3 +
(
65
6
+
5981
140
η − 41
64
pi2η − 3085
72
η2
+
257
162
η3
)
e2t +
(
−3η + 29
8
η2 − 5
12
η3
)
e4t
]
(et cosu)
2 +
[
35
6
+
10699
840
η +
41
32
pi2η − 463
18
η2 +
299
648
η3
+
(
85
6
− 609
8
η +
335
9
η2 − 299
648
η3
)
e2t
]
(et cosu)
3 +
[
10
3
− 435
16
η +
2185
144
η2 − 245
1296
η3 +
(
−10
3
+
435
16
η
−2185
144
η2 +
245
1296
η3
)
e2t
]
(et cosu)
4 +
[
−2
3
+
87
16
η − 437
144
η2 +
49
1296
η3 +
(
2
3
− 87
16
η +
437
144
η2 − 49
1296
η3
)
e2t
]
× (et cosu)5
}√
1− e2t
)
. (24e)
The angular motion, desribed in terms of φ and φ˙, is given by
φ(λ, l) = λ+W (l) , (25a)
λ = (1 + k)l , (25b)
W (l) = WN +W1PN +W2PN +W3PN , (25)
where
k =
3ξ2/3
1− e2t
+
ξ4/3
4(1− e2t )2
[
78− 28η + (51− 26η)e2t
]
+
ξ2
128(1− e2t )3
{
18240− 25376η + 492pi2η + 896η2
+ (28128− 27840η+ 123pi2η + 5120η2)e2t + (2496− 1760η+ 1040η2)e4t
+
[
1920− 768η + (3840− 1536η)e2t
]√
1− e2t
}
, (25d)
WN = v − u+ et sinu , (25e)
W1PN =
3ξ2/3
1− e2t
(v − u+ et sinu) , (25f)
W2PN =
ξ4/3
32(1− e2t )2(1 − et cosu)3
(
8
[
78− 28η + (51− 26η)e2t − 6(5− 2η)(1− e2t )3/2
]
(v − u)(1− et cosu)3
+
{
624− 284η + 4η2 + (408− 88η − 8η2)e2t − (60η − 4η2)e4t +
[−1872 + 792η − 8η2 − (1224− 384η
−16η2)e2t + (120η − 8η2)e4t
]
et cosu+
[
1872− 732η + 4η2 + (1224− 504η − 8η2)e2t − (60η − 4η2)e4t
]
× (et cosu)2 +
[−624 + 224η − (408− 208η)e2t] (et cosu)3}et sinu+ {− (8 + 153η − 27η2)e2t
9+ (4η − 12η2)e4t +
[
8 + 152η − 24η2 + (8 + 146η − 6η2)e2t
]
et cosu+
[−8− 148η + 12η2 − (η − 3η2)e2t ]
× (et cosu)2
}
et sinu
√
1− e2t
)
, (25g)
W3PN =
ξ2
(1− e2t )3(1− et cosu)5
({
285
2
− 793
4
η +
123
32
pi2η + 7η2 +
(
879
4
− 435
2
η +
123
128
pi2η + 40η2
)
e2t
+
(
39
2
− 55
4
η +
65
8
η2
)
e4t +
[
− 105
2
+
215
3
η − 41
64
pi2η − 5η2 +
(
165
2
− 451
6
η +
41
64
pi2η − 1
2
η2
)
e2t
+
(
15− 29
2
η +
11
2
η2
)
e4t
]√
1− e2t
}
(v − u)(1− et cosu)5 +
{
265
2
− 126159
560
η +
287
64
pi2η +
133
8
η2 +
1
24
η3
+
(
959
4
− 118663
840
η − 41
128
pi2η +
671
48
η2 +
7
48
η3
)
e2t +
(
19
2
− 23967
280
η +
41
64
pi2η +
525
16
η2 − 11
16
η3
)
e4t
+
(
185
8
η − 157
16
η2 +
37
48
η3
)
e6t −
(
23
48
η − 73
48
η2 +
13
48
η3
)
e8t +
[
− 1345
2
+
75417
70
η − 697
32
pi2η − 65η2 − 2
3
η3
+
(
−4715
4
+
713597
840
η +
41
128
pi2η − 2987
24
η2 +
35
24
η3
)
e2t +
(
−115
2
+
80433
280
η − 41
16
pi2η − 419
4
η2 − 3
8
η3
)
e4t
+
(
−541
8
η +
173
8
η2 − 23
24
η3
)
e6t +
(
23
24
η − 73
24
η2 +
13
24
η3
)
e8t
]
et cosu+
[
1365− 3493027
1680
η +
1353
32
pi2η
+
4981
48
η2 +
71
48
η3 +
(
4635
2
− 1609903
840
η +
123
64
pi2η +
3881
12
η2 − 25
6
η3
)
e2t +
(
135− 12769
35
η +
123
32
pi2η
+
1077
8
η2 +
29
8
η3
)
e4t +
(
1585
24
η − 145
12
η2 − 2
3
η3
)
e6t +
(
−23
48
η +
73
48
η2 − 13
48
η3
)
e8t
]
(et cosu)
2
+
[
− 1385 + 1701499
840
η − 41pi2η − 2065
24
η2 − 9
8
η3 +
(
−4555
2
+
578789
280
η − 287
64
pi2η − 2955
8
η2 +
27
8
η3
)
e2t
+
(
−155 + 62723
280
η − 41
16
pi2η − 755
8
η2 − 27
8
η3
)
e4t +
(
−521
24
η − 35
24
η2 +
9
8
η3
)
e6t
]
(et cosu)
3
+
[
1405
2
− 837281
840
η +
1271
64
pi2η +
1807
48
η2 +
13
48
η3 +
(
4475
4
− 150683
140
η +
451
128
pi2η +
3143
16
η2 − 13
16
η3
)
e2t
+
(
175
2
− 20887
280
η +
41
64
pi2η +
637
16
η2 +
13
16
η3
)
e4t +
(
1
6
η +
83
48
η2 − 13
48
η3
)
e6t
]
(et cosu)
4 +
[
− 285
2
+
793
4
η
− 123
32
pi2η − 7η2 +
(
−879
4
+
435
2
η − 123
128
pi2η − 40η2
)
e2t +
(
−39
2
+
55
4
η − 65
8
η2
)
e4t
]
(et cosu)
5
}
et sinu
+
{
15− 6η +
(
91
4
− 412487
3360
η +
615
256
pi2η +
2845
64
η2 − 113
64
η3
)
e2t +
(
3
2
+
173297
4480
η − 41
64
pi2η − 7319
384
η2
+
209
128
η3
)
e4t +
(
−115
24
η +
325
48
η2 − 21
16
η3
)
e6t +
(
1
16
η − 5
16
η2 +
5
16
η3
)
e8t +
[
− 275
4
+
49477
420
η − 287
128
pi2η
− 395
12
η2 +
3
4
η3 +
(
−523
4
+
22553
70
η − 779
128
pi2η − 3041
32
η2 +
63
32
η3
)
e2t +
(
−5
2
− 52821
1120
η +
41
32
pi2η +
67
12
η2
+
35
16
η3
)
e4t +
(
53
12
η − 121
24
η2 − 3
8
η3
)
e6t
]
et cosu+
[
533
4
− 75337
280
η +
779
128
pi2η +
3269
48
η2 +
5
16
η3
+
(
1127
4
− 204563
560
η +
41
8
pi2η +
1615
16
η2 − 21
4
η3
)
e2t +
(
1
2
− 14869
2240
η − 41
64
pi2η +
1443
64
η2 − 147
64
η3
)
e4t
+
(
1
8
η − 23
48
η2 +
7
16
η3
)
e6t
]
(et cosu)
2 +
[
− 541
4
+
18449
84
η − 697
128
pi2η − 1073
24
η2 − 9
8
η3
+
(
−1169
4
+
52937
210
η − 205
128
pi2η − 2291
32
η2 +
165
32
η3
)
e2t +
(
1
2
+
497
32
η − 533
48
η2 +
1
2
η3
)
e4t
]
(et cosu)
3
+
[
283
4
− 114761
1680
η +
205
128
pi2η +
221
24
η2 +
3
8
η3 +
(
297
2
− 110277
1120
η +
41
256
pi2η +
1439
64
η2 − 87
64
η3
)
e2t
10
−
(
5
128
η − 61
384
η2 +
19
128
η3
)
e4t
]
(et cosu)
4 − [15− 6η + (30− 12η)e2t ] (et cosu)5
}
et sinu
√
1− e2t
)
, (25h)
and
φ˙ = φ˙N + φ˙1PN + φ˙2PN + φ˙3PN , (26a)
where
φ˙N =
n
√
1− e2t
(1− et cosu)2 , (26b)
φ˙1PN = φ˙N × ξ
2/3
(1− e2t )(1 − et cosu)
[
3− (4− η)e2t + (1− η)et cosu
]
, (26)
φ˙2PN = φ˙N × ξ
4/3
12(1− e2t )2(1− et cosu)3
{
144− 48η − (162 + 68η − 2η2)e2t + (60 + 26η − 20η2)e4t + (18η + 12η2)e6t
+
[−216 + 125η + η2 + (102 + 188η + 16η2)e2t − (12 + 97η − η2)e4t ] et cosu+ [108− 97η − 5η2
+(66− 136η + 4η2)e2t − (48− 17η + 17η2)e4t
]
(et cosu)
2 +
[−36 + 2η − 8η2 − (6− 70η − 14η2)e2t ] (et cosu)3
+ 18(1− et cosu)2(1− 2e2t + et cosu)(5− 2η)
√
1− e2t
}
, (26d)
φ˙3PN = φ˙N × ξ
2
(1− e2t )3(1− et cosu)5
{
75− 1447
12
η +
205
64
pi2η + 2η2 +
(
1
2
− 57021
280
η +
205
64
pi2η +
361
6
η2 − 1
3
η3
)
e2t
+
(
−50 + 175193
840
η − 41
8
pi2η − 317
6
η2 +
47
12
η3
)
e4t +
(
18 +
2987
210
η +
41
32
pi2η +
127
6
η2 − 25
4
η3
)
e6t
+
(
−863
24
η + η2 +
47
12
η3
)
e8t +
(
9
8
η − 3η2 − 3
4
η3
)
e10t +
[
−285 + 488539
840
η − 1025
64
pi2η − 367
24
η2 +
1
24
η3
+
(
−121
2
+
94097
140
η − 451
64
pi2η − 4571
24
η2 − 73
24
η3
)
e2t +
(
182− 114683
168
η +
205
16
pi2η +
1987
24
η2 +
59
24
η3
)
e4t
+
(
−54 + 16531
210
η − 41
16
pi2η − 769
24
η2 − 17
8
η3
)
e6t +
(
379
12
η +
25
2
η2 +
1
6
η3
)
e8t
]
et cosu+
[
411− 165061
168
η
+
451
16
pi2η +
121
24
η2 +
3
8
η3 +
(
213− 268137
280
η +
123
16
pi2η +
7693
24
η2 − 3
8
η3
)
e2t +
(
−243 + 529223
840
η − 369
32
pi2η
−329
24
η2 +
45
8
η3
)
e4t +
(
54− 43177
840
η +
41
32
pi2η − 227
8
η2 − 7
24
η3
)
e6t −
(
5
4
η − 3
2
η2 +
1
3
η3
)
e8t
]
(et cosu)
2
+
[
−273 + 288269
420
η − 697
32
pi2η +
189
8
η2 +
55
24
η3 −
(
281− 79717
84
η +
287
32
pi2η +
7705
24
η2 +
119
24
η3
)
e2t
+
(
137− 102349
420
η +
41
8
pi2η +
53
24
η2 − 55
24
η3
)
e4t +
(
−18− 347
12
η +
245
24
η2 − 1
24
η3
)
e6t
]
(et cosu)
3
+
[
78− 77011
420
η +
451
64
pi2η − 281
24
η2 − 13
8
η3 +
(
325
2
− 92555
168
η +
451
64
pi2η +
3083
24
η2 +
33
8
η3
)
e2t
+
(
−23 + 5699
105
η − 41
32
pi2η +
641
24
η2 − 29
24
η3
)
e4t −
(
11
8
η +
23
24
η2 − 29
24
η3
)
e6t
]
(et cosu)
4 +
[
−6 + 139
8
η
−41
64
pi2η − 2
3
η2 − 1
3
η3 +
(
−69
2
+
13537
140
η − 123
64
pi2η − 38
3
η2 +
5
6
η3
)
e2t −
(
3− 533
24
η +
91
6
η2 + η3
)
e4t
]
× (et cosu)5 + 1
192
{
15840− 16064η+ 123pi2η + 960η2 − (38400− 38464η+ 246pi2η + 2976η2)e2t
+ (9600− 4416η− 576η2)e4t +
[
9600− 7680η + 1536η2 + (8640− 21472η + 246pi2η + 1344η2)e2t
+(7680− 6816η + 2304η2)e4t
]
et cosu+
[−8160 + 12512η− 123pi2η − 768η2 − (4800− 5472η + 1824η2)e2t ]
× (et cosu)2
}
(1− et cosu)3
√
1− e2t
}
. (26e)
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In the above equations, the eentri anomaly u = U(l, n, et) is given by inverting the 3PN aurate Kepler equation,
Eq. (10), onneting l and u. The 3PN aurate Kepler equation in terms of n and et reads
l = u− et sinu+ ξ
4/3
8
√
1− e2t (1− et cosu)
[
(15η − η2)et sinu
√
1− e2t + 12(5− 2η)(v − u)(1− et cosu)
]
+
ξ2
6720(1− e2t )3/2(1− et cosu)3
({
67200 + 143868η− 4305pi2η − 62160η2 − 280η3 − (134400 + 139896η
− 8610pi2η − 67200η2 − 3920η3)et cosu+ (67200− 752η − 4305pi2η − 15260η2 − 1820η3)(et cosu)2
+
[−148960η+ 45500η2 − 1540η3 + (143640η− 13440η2 − 3920η3)et cosu− (1120η + 11620η2 − 1820η3)
×(et cosu)2
]
e2t + (3220η − 10220η2 + 1820η3)e4t
}
et sinu
√
1− e2t +
[
302400− 461440η+ 4305pi2η + 33600η2
+(100800− 97440η+ 36960η2)e2t
]
(v − u)(1− et cosu)3
)
. (27)
Evidently, Eq. (27) does not have a 1PN ontribution,
similar to its ADM ounterpart, given by Eq. (52) in
Ref. [25℄. Note also the expeted dierenes in the Kepler
equation at higher-PN orders between the harmoni and
the ADM gauge.
In addition to the above expliit expressions for r, r˙,
φ, and φ˙, we also need to evaluate the right-hand side of
Eqs. (15). The next subsetion ontains a sketh of these
omputations and the expliit nal expressions.
B. 3.5PN aurate reative dynamis
Reall that the method of Ref. [25℄ is general and an
be applied, in priniple, to any PN auray. However, in
this paper, we study the eets of the 2.5PN and 3.5PN
ontributions to radiation reation on the 3PN aurate
onservative motion. Aordingly, we will trunate away
all eets that would orrespond to higher-PN orders.
Further, it should be noted that in the ase of nonspin-
ning point masses, it will be highly diult to go beyond
3.5PN auray for the osillatory eets assoiated with
the two-sale deomposition, as given by Eq. (18). How-
ever, seular eets an be omputed to higher-PN or-
ders, e.g., see Appendix B.
Below, we provide the required inputs for the ompu-
tation of the 3.5PN aurate evolution equations for the
sets {c¯α} and {c˜α}, where α = n, et, cl, cλ. Naturally,
we require A
′
to the 3.5PN order for this purpose. The
appropriate 3.5PN aurate expression for A
′
has to be
in harmoni gauge, as our onservative 3PN dynamis is
given in the that gauge. The expression for the relative
reative aeleration, to the 3.5PN order, in harmoni
gauge, available in Ref. [46℄, reads
A
′ = A′2.5PN +A
′
3.5PN , (28)
where
A
′
2.5PN =
8
15
G2M2η
c5r3
[(
9v2 + 17
GM
r
)
r˙n−
(
3v2 + 9
GM
r
)
v
]
, (29a)
A
′
3.5PN =
2
105
G2M2η
c7r3
({
− (549 + 630η)v4 + (5985 + 630η)v2r˙2 − 5880r˙4 − GM
r
[
(1038− 2534η)v2
+(3087 + 3948η)r˙2
]− G2M2
r2
(5934 + 1932η)
}
r˙n+
{
(939 + 126η)v4 − (7119 + 126η)v2r˙2
+ 6300r˙4 − GM
r
[
(410 + 1554η)v2 − (1435 + 2968η)r˙2]+ G2M2
r2
(2650 + 1092η)
}
v
)
, (29b)
where v2 = v · v = r˙2 + r2φ˙2. Following Ref. [25℄, we ob-
serve that expliit omputations of the right-hand side of
Eqs. (15) and (17), respetively, require only 1PN au-
rate expressions for the orbital elements. This is mainly
beause of the fat that we are trying to obtain the phas-
ing to the 3.5PN order and the reative dynamis only
involves 2.5PN and 3.5PN ontributions. However, this
does not mean that the orbital dynamis is only 1PN
aurate. In all expressions where they are needed, we
have to inlude the appropriate PN aurate ontribu-
12
tions. The phasing formalism allows us to impose the
fully 1PN aurate reative dynamis on the 3PN au-
rate onservative dynamis to provide the 3.5PN aurate
phasing [see Se. V in Ref. [25℄ for details℄.
Finally, the evolution equations for dn/dl, det/dl,
dcl/dl, and dcλ/dl in terms of u(l, n, et), n, and et, follow
as
dn
dl
= −8ξ
5/3nη
5
{
6
χ3
− 32
χ4
+
49− 9e2t
χ5
− 35(1− e
2
t )
χ6
}
− ξ
7/3nη
35
{−360 + 1176η
χ3
+
2680− 11704η
χ4
+
[− 4012 + 34356η+ (36− 756η)e2t ] 1χ5 + [1470− 47880η− (350− 17080η)e2t] 1χ6 + [13510 + 31780η
− (24220 + 30520η)e2t + (10710− 1260η)e4t
] 1
χ7
− (27594 + 5880η)(1− e
2
t )
2
χ8
+
11760(1− e2t )3
χ9
}
, (30a)
det
dl
=
8ξ5/3η(1− e2t )
15et
{
3
χ3
− 17
χ4
+
49− 9e2t
χ5
− 35(1− e
2
t )
χ6
}
+
ξ7/3η
315et
{[− 4320 + 6636η + (5328− 7644η)e2t] 1χ3
+
[
20430− 36176η− (25470− 41216η)e2t
] 1
χ4
+
[− 73650 + 106120η+ (112692− 116200η)e2t
− (39042− 10080η)e4t
] 1
χ5
+
[
102312− 154280η− (201264− 216160η)e2t + (98952− 61880η)e4t
] 1
χ6
+
[
2730 + 95340η + (210− 186900η)e2t − (8610− 87780η)e4t + (5670 + 3780η)e6t
] 1
χ7
− (82782 + 17640η)(1− e
2
t )
3
χ8
+
35280(1− e2t )4
χ9
}
, (30b)
dcl
dl
=
8ξ5/3η sinu
15et
{
12e2t
χ3
+
3− 43e2t
χ4
+
−14 + 23e2t − 9e4t
χ5
+
35(1− e2t )2
χ6
}
+
ξ7/3η sinu
315et
{
(−4176 + 9408η)e2t
χ3
+
[− 4320 + 6636η + (23808− 71596η)e2t] 1χ4 + [16110− 29540η− (23862− 128240η)e2t
+ (4392− 6300η)e4t
] 1
χ5
+
[− 57540 + 76580η+ (103320− 159880η)e2t − (45780− 83300η)e4t] 1χ6
+
[
44772− 77700η− (59934− 151620η)e2t − (14448 + 70140η)e4t + (29610− 3780η)e6t
] 1
χ7
+
(47502 + 17640η)(1− e2t )3
χ8
− 35280(1− e
2
t )
4
χ9
}
, (30)
dcλ
dl
= −8ξ
5/3η sinu
15et
{[
3
χ4
− 14− 9e
2
t
χ5
+
35(1− e2t )
χ6
]√
1− e2t −
12e2t
χ3
− 3− 43e
2
t
χ4
+
14− 23e2t + 9e4t
χ5
− 35(1− e
2
t )
2
χ6
}
+
2ξ7/3η sinu
315et(1− e2t )
{[[
1404− 3318η + (360 + 3066η)e2t
] 1
χ4
+
[− 4527 + 14770η− (4029 + 15232η)e2t
+ (576 + 882η)e4t
] 1
χ5
+
[
19950− 38290η − (38640− 58520η)e2t + (18690− 20230η)e4t
] 1
χ6
+
[− 22386 + 38850η + (27447− 75810η)e2t + (12264 + 35070η)e4t − (17325− 1890η)e6t ] 1χ7
− (23751 + 8820η)(1− e
2
t )
3
χ8
+
17640(1− e2t )4
χ9
]√
1− e2t +
[
(2448 + 4704η)e2t + (2088− 4704η)e4t
] 1
χ3
+
[− 1404 + 3318η − (4332 + 39116η)e2t − (11904− 35798η)e4t] 1χ4 + [4527− 14770η − (14190− 78890η)e2t
+ (11859− 67270η)e4t − (2196− 3150η)e6t
] 1
χ5
+
[ − 19950 + 38290η+ (62790− 118230η)e2t
− (65730− 121590η)e4t + (22890− 41650η)e6t
] 1
χ6
+
[
22386− 38850η− (52353− 114660η)e2t
13
+ (22743− 110880η)e4t + (22029 + 33180η)e6t − (14805− 1890η)e8t
] 1
χ7
+
(23751 + 8820η)(1− e2t )4
χ8
− 17640(1− e
2
t )
5
χ9
}
+
48ξ7/3η(v − u)
5(1− e2t )
{
1
χ3
− 5
χ4
}
, (30d)
where χ ≡ 1−et cosu and u = u(l, n, et). Now, we are in
a position to explore the seular and periodi variations
of cα to the 3.5PN order, whih will be done in the next
two subsetions.
C. Seular variations
First, let us extrat the seular variations of cα from
Eqs. (30). This is ahieved by using Eqs. (19a), whih
implies that the seular evolution of cα an be obtained
by orbital averaging the right-hand side of Eqs. (30), us-
ing l. However, let us note the following points before
we start. It is preferable to perform the orbital averag-
ing in terms of u rather than l, as the right-hand sides
of Eqs. (30) are expliit funtions of u, and to this au-
ray we an use dl ≃ (1 − et cosu)du, where we benet
from the fat that Eq. (27) for l does not have a 1PN
ontribution. Moreover, the required integration over u
an be easily failitated by the following denite integral,
available in Ref. [47℄,
1
2pi
∫ 2pi
0
du
(1 − et cosu)N+1
=
1
(1− e2t )(N+1)/2
PN
(
1√
1− e2t
)
, (31)
where PN is the Legendre polynomial.
These statements are mainly useful to obtain the dier-
ential equations for n¯ and e¯t, namely, dn¯/dl and de¯t/dl.
Further, it is straightforward to express these dierential
equations in terms of the original time variable t rather
than l, by using dl = n¯dt. In this way, we obtain dn¯/dt
and de¯t/dt, whih expliitly read
dn¯
dt
=
ξ5/3n2η
5(1− e2t )7/2
{
96 + 292e2t + 37e
4
t
}
+
ξ7/3n2η
280(1− e2t )9/2
{
20368− 14784η+ (219880− 159600η)e2t
+ (197022− 141708η)e4t + (11717− 8288η)e6t
}
, (32a)
de¯t
dt
= − ξ
5/3nηet
15(1− e2t )5/2
{
304 + 121e2t
}
− ξ
7/3nηet
2520(1− e2t )7/2
{
340968− 228704η+ (880632− 651252η)e2t
+ (125361− 93184η)e4t
}
, (32b)
where n and et, on the right-hand side of these equa-
tions, stand for n¯ and e¯t, respetively. We have heked
that our above results are in exellent agreement with
equivalent expressions, available in Refs. [48, 49℄, om-
puted using balane arguments involving loal radiation
damping and far-zone uxes. As these seular evolutions
of n and et, namely, n¯ and e¯t, are ruial for the phas-
ing, we additionally obtain in Appendix B, for the rst
time, using balane arguments, 2PN aurate expressions
for dn¯/dt and de¯t/dt in harmoni oordinates, providing
O(c−9) orretions.
Now, let us turn our attention to the seular variation
of cl and cλ, namely, c¯l and c¯λ. The arguments, employed
in Ref. [25℄, to show that G¯l = 0 = G¯λ, where Gl = Fl/n
and Gλ = Fλ/n, respetively, at the 2.5PN order are also
extendable to the 3.5PN order. Further, we note that the
right-hand sides of Eqs. (30) and (30d) are funtions of
the form sinu × f(cosu) and (v − u) × f(cosu), respe-
tively, and hene they are odd under u→ −u. Therefore,
their average over dl ≃ (1− et cosu)du also exatly van-
ishes, leading to G¯l = 0 = G¯λ to the 3.5PN order. This is
also onsistent with another line of reasoning, presented
in Ref. [25℄, that involves the time-odd harater of the
perturbing fore A
′
, ∂c1/∂v
i
, and ∂c2/∂v
j
, respetively,
appearing in Eqs. (15), ending up with the onlusion
that dcl/dt and dcλ/dt are time odd. Summarizing, we
nd that there are no seular evolutions for both cl and
cλ to the 1PN order of radiation reation:
dc¯l
dt
= 0 ; c¯l(t) = c¯l(t0) , (33a)
dc¯λ
dt
= 0 ; c¯λ(t) = c¯λ(t0) . (33b)
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D. Periodi variations
To omplete this study, we fous now our attention on
the dierential equations for n˜, e˜t, c˜l, and c˜λ, whih give
orbital period osillations to our dynamial variables at
O(c−5) and O(c−7). First, let us onsider the dierential
equations for n˜ and e˜t. They are
dn˜
dl
= −8ξ
5/3nη
5
{
6
χ3
− 32
χ4
+
49− 9e2t
χ5
− 35(1− e
2
t )
χ6
}
− ξ
5/3nη
5(1− e2t )7/2
{
96 + 292e2t + 37e
4
t
}
− ξ
7/3nη
35
{−360 + 1176η
χ3
+
2680− 11704η
χ4
+
[− 4012 + 34356η+ (36− 756η)e2t ] 1χ5 + [1470− 47880η − (350− 17080η)e2t] 1χ6
+
[
13510 + 31780η− (24220 + 30520η)e2t + (10710− 1260η)e4t
] 1
χ7
− (27594 + 5880η)(1− e
2
t )
2
χ8
+
11760(1− e2t )3
χ9
}
− ξ
7/3nη
280(1− e2t )9/2
{
20368− 14784η + (219880− 159600η)e2t + (197022− 141708η)e4t
+ (11717− 8288η)e6t
}
, (34a)
de˜t
dl
=
8ξ5/3η(1 − e2t )
15et
{
3
χ3
− 17
χ4
+
49− 9e2t
χ5
− 35(1− e
2
t )
χ6
}
+
ξ5/3ηet
15(1− e2t )5/2
{
304 + 121e2t
}
+
ξ7/3η
315et
{[− 4320
+ 6636η + (5328− 7644η)e2t
] 1
χ3
+
[
20430− 36176η− (25470− 41216η)e2t
] 1
χ4
+
[− 73650 + 106120η
+ (112692− 116200η)e2t − (39042− 10080η)e4t
] 1
χ5
+
[
102312− 154280η− (201264− 216160η)e2t
+ (98952− 61880η)e4t
] 1
χ6
+
[
2730 + 95340η + (210− 186900η)e2t − (8610− 87780η)e4t + (5670 + 3780η)e6t
] 1
χ7
− (82782 + 17640η)(1− e
2
t )
3
χ8
+
35280(1− e2t )4
χ9
}
+
ξ7/3ηet
2520(1− e2t )7/2
{
340968− 228704η
+ (880632− 651252η)e2t + (125361− 93184η)e4t
}
, (34b)
where n and et, on the right-hand side of these equations, again stand for n¯ and e¯t, and we reall that the right-hand
sides of Eqs. (34) are zero-average osillatory funtions of l. We have already argued that G¯l = 0 = G¯λ to the 1PN
reative order. This implies that the dierential equations for c˜l and c˜λ are idential to those for cl and cλ, as given
by Eqs. (30) and (30d), but with n and et replaed by n¯ and e¯t, respetively. Symbolially, this reads
dc˜l
dl
= RHS of Eq. (30)[n→ n¯, et → e¯t] , (35a)
dc˜λ
dl
= RHS of Eq. (30d)[n→ n¯, et → e¯t] . (35b)
One an analytially integrate Eqs. (34) and (35) to get n˜, e˜t, c˜l, and c˜λ as zero-average osillatory funtions of l.
We nd, when expressed in terms of u,
n˜ =
ξ5/3nηet sinu
15(1− e2t )3
{
602 + 673e2t
χ
+
314− 203e2t − 111e4t
χ2
+
98− 124e2t − 46e4t + 72e6t
χ3
+
210(1− e2t )3
χ4
}
+
ξ5/3nη
5(1− e2t )7/2
{
96 + 292e2t + 37e
4
t
}{
2 tan−1
(
βt sinu
1− βt cosu
)
+ et sinu
}
+
ξ7/3nηet sinu
4200(1− e2t )4
{[
827796− 601720η+ (4322828− 3131660η)e2t + (1584181− 1132320η)e4t
] 1
χ
+
[
522276− 379960η+ (1024628− 737660η)e2t − (1371149− 993300η)e4t − (175755− 124320η)e6t
] 1
χ2
+
[
391116− 339640η− (296974− 440720η)e2t − (557800− 66920η)e4t + (442058− 97440η)e6t
+(21600− 70560η)e8t
] 1
χ3
+
[
196476+ 155400η− (401058 + 899640η)e2t + (24318 + 1766520η)e4t
15
+(368634− 1455720η)e6t − (188370− 433440η)e8t
] 1
χ4
+
[
170856− 504000η− (668304− 1985760η)e2t
+(964656− 2903040η)e4t − (592704− 1834560η)e6t + (110376− 383040η)e8t + (15120− 30240η)e10t
] 1
χ5
+
(115080 + 117600η)(1− e2t )5
χ6
− 201600(1− e
2
t )
6
χ7
}
+
ξ7/3nη
280(1− e2t )9/2
{
20368− 14784η+ (219880− 159600η)e2t
+ (197022− 141708η)e4t + (11717− 8288η)e6t
}{
2 tan−1
(
βt sinu
1− βt cosu
)
+ et sinu
}
, (36a)
e˜t = − ξ
5/3η sinu
45(1− e2t )2
{
134 + 1069e2t + 72e
4
t
χ
+
134 + 157e2t − 291e4t
χ2
+
98− 124e2t − 46e4t + 72e6t
χ3
+
210(1− e2t )3
χ4
}
− ξ
5/3ηet
15(1− e2t )5/2
{
304 + 121e2t
}{
2 tan−1
(
βt sinu
1− βt cosu
)
+ et sinu
}
− ξ
7/3η sinu
37800(1− e2t )3
{[
78768 + 1960η
+ (9997134− 7033460η)e2t + (9942753− 7434560η)e4t + (185760− 131040η)e6t
] 1
χ
+
[
78768 + 1960η+ (4882614− 3602900η)e2t − (3266727− 2334220η)e4t − (1694655− 1266720η)e6t
] 1
χ2
+
[
337968− 396200η+ (1267458− 233520η)e2t − (3136260− 1131480η)e4t + (1118274+ 22400η)e6t
+(412560− 524160η)e8t
] 1
χ3
+
[−306432+ 785400η+ (2380266− 3975720η)e2t − (5302206− 7214760η)e4t
+(4689342− 5643960η)e6t − (1460970− 1619520η)e8t
] 1
χ4
+
[
1419768− 1512000η− (6540912− 5957280η)e2t
+(11965968− 8709120η)e4t − (10850112− 5503680η)e6t + (4867128− 1149120η)e8t − (861840 + 90720η)e10t
] 1
χ5
+
(345240 + 352800η)(1− e2t )5
χ6
− 604800(1− e
2
t )
6
χ7
}
− ξ
7/3ηet
2520(1− e2t )7/2
{
340968− 228704η
+ (880632− 651252η)e2t + (125361− 93184η)e4t
}{
2 tan−1
(
βt sinu
1− βt cosu
)
+ et sinu
}
, (36b)
c˜l = −2ξ
5/3η
45e2t
{
144e2t
χ
+
18− 258e2t
χ2
+
−56 + 92e2t − 36e4t
χ3
+
105(1− e2t )2
χ4
− 1
2(1− e2t )3/2
[
134 + 103e2t − 252e4t
]}
+
ξ7/3η
4725e2t
{
(62640− 141120η)e2t
χ
+
[
32400− 49770η− (178560− 536970η)e2t
] 1
χ2
+
[− 80550 + 147700η
+ (119310− 641200η)e2t − (21960− 31500η)e4t
] 1
χ3
+
[
215775− 287175η− (387450− 599550η)e2t
+(171675− 312375η)e4t
] 1
χ4
+
[−134316+ 233100η+ (179802− 454860η)e2t + (43344 + 210420η)e4t
−(88830− 11340η)e6t
] 1
χ5
− (118755 + 44100η)(1− e
2
t )
3
χ6
+
75600(1− e2t )4
χ7
+
1
8(1− e2t )5/2
[
78768 + 1960η
+ (3486804− 2000180η)e2t + (2246493+ 292180η)e4t − (335790− 968940η)e6t
]}
, (36)
c˜λ =
2ξ5/3η
45e2t
{[
18
χ2
− 56− 36e
2
t
χ3
+
105(1− e2t )
χ4
]√
1− e2t −
144e2t
χ
− 18− 258e
2
t
χ2
+
56− 92e2t + 36e4t
χ3
− 105(1− e
2
t )
2
χ4
+
1
2(1− e2t )2
[(
134 + 103e2t − 252e4t
)√
1− e2t − 134− 295e2t − 36e4t
]}
− ξ
7/3η
4725e2t (1− e2t )
({[
21060− 49770η
+ (5400 + 45990η)e2t
] 1
χ2
+
[− 45270 + 147700η− (40290 + 152320η)e2t + (5760 + 8820η)e4t] 1χ3
+
[
149625− 287175η− (289800− 438900η)e2t + (140175− 151725η)e4t
] 1
χ4
+
[− 134316 + 233100η
+ (164682− 454860η)e2t + (73584 + 210420η)e4t − (103950− 11340η)e6t
] 1
χ5
− (118755 + 44100η)(1− e
2
t )
3
χ6
16
+
75600(1− e2t )4
χ7
}√
1− e2t +
[
(73440 + 141120η)e2t + (62640− 141120η)e4t
] 1
χ
+
[− 21060 + 49770η
− (64980 + 586740η)e2t − (178560− 536970η)e4t
] 1
χ2
+
[
45270− 147700η− (141900− 788900η)e2t
+ (118590− 672700η)e4t − (21960− 31500η)e6t
] 1
χ3
+
[− 149625 + 287175η+ (470925− 886725η)e2t
− (492975− 911925η)e4t + (171675− 312375η)e6t
] 1
χ4
+
[
134316− 233100η− (314118− 687960η)e2t
+ (136458− 665280η)e4t + (132174 + 199080η)e6t − (88830− 11340η)e8t
] 1
χ5
+
(118755 + 44100η)(1− e2t )4
χ6
− 75600(1− e
2
t )
5
χ7
− 1
8(1− e2t )2
{[
416448+ 1960η + (3202044− 2000180η)e2t + (1248573+ 292180η)e4t
− (335790− 968940η)e6t
]√
1− e2t − 416448− 1960η− (4223964− 1827140η)e2t − (3117453− 1224020η)e4t
− (99810− 69300η)e6t
})
+
48ξ7/3η
5(1− e2t )
∫
(v − u)
(
1
χ3
− 5
χ4
)
χdu , (36d)
where βt = (1 −
√
1− e2t )/et. The onstant ontribu-
tions to the time evolution of c˜l and c˜λ, appearing in
Eqs. (36) and (36d), respetively, are required to guar-
antee the zero-average behaviour. We note that the re-
maining integral in Eq. (36d) an be numerially evalu-
ated.
The above results also modify the temporal evolution
of the basi angles l and λ, entering the reative dynam-
is, Eqs. (5). Aording to Ref. [25℄, we see from the def-
initions of l(t) and λ(t), given by Eqs. (14), that we an
also split these angles in seular and osillatory piees,
denoted by l¯, λ¯, and l˜, λ˜, respetively, as
l(t) = l¯(t) + l˜[l; c¯a(t)] , (37a)
λ(t) = λ¯(t) + λ˜[l; c¯a(t)] , (37b)
where
l¯(t) ≡
∫ t
t0
n¯(t)dt+ c¯l(t) , (38a)
λ¯(t) ≡
∫ t
t0
[1 + k¯(t)]n¯(t)dt+ c¯λ(t) . (38b)
We note that c¯l(t) = c¯l(t0) and c¯λ(t) = c¯λ(t0) are on-
stants [see Eqs. (33)℄. The osillatory ontributions to l
and λ are given by
l˜(l; c¯a) =
∫
n˜(l)
n
dl + c˜l(l) , (39a)
λ˜(l; c¯a) =
∫ [
n˜
n
+ k¯
n˜
n
+ k˜
]
dl + c˜λ(l) , (39b)
where k˜ ≡ (∂k/∂n)n˜+(∂k/∂et)e˜t denotes the osillatory
piee in k.
Finally, to omplete our study of the osillatory ontri-
butions assoiated with the reative dynamis, we om-
pute the integrals of Eqs. (39) and add them to the pre-
vious results for c˜l(l) and c˜λ(l), respetively. We nd
l˜(l; c¯a) =
ξ5/3η
15(1− e2t )3
{
(602 + 673e2t )χ+ (314− 203e2t − 111e4t ) lnχ− (602 + 673e2t ) +
−98 + 124e2t + 46e4t − 72e6t
χ
− 105(1− e
2
t )
3
χ2
}
+
ξ5/3η
5(1− e2t )7/2
{
96 + 292e2t + 37e
4
t
}{∫ [
2 tan−1
(
βt sinu
1− βt cosu
)
+ et sinu
]
χdu
}
+
ξ7/3η
4200(1− e2t )4
{[
827796− 601720η+ (4322828− 3131660η)e2t + (1584181− 1132320η)e4t
]
χ
+
[
522276− 379960η+ (1024628− 737660η)e2t − (1371149− 993300η)e4t − (175755− 124320η)e6t
]
lnχ
− 827796 + 601720η− (4322828− 3131660η)e2t − (1584181− 1132320η)e4t +
[− 391116 + 339640η
+ (296974− 440720η)e2t + (557800− 66920η)e4t − (442058− 97440η)e6t − (21600− 70560η)e8t
] 1
χ
+
[− 98238− 77700η + (200529+ 449820η)e2t − (12159 + 883260η)e4t − (184317− 727860η)e6t
17
+ (94185− 216720η)e8t
] 1
χ2
+
[− 56952 + 168000η+ (222768− 661920η)e2t − (321552− 967680η)e4t
+ (197568− 611520η)e6t − (36792− 127680η)e8t − (5040− 10080η)e10t
] 1
χ3
− (28770 + 29400η)(1− e
2
t )
5
χ4
+
40320(1− e2t )6
χ5
}
+
ξ7/3η
280(1− e2t )9/2
{
20368− 14784η+ (219880− 159600η)e2t + (197022− 141708η)e4t
+ (11717− 8288η)e6t
}{∫ [
2 tan−1
(
βt sinu
1− βt cosu
)
+ et sinu
]
χdu
}
+ c˜l(l) , (40a)
λ˜(l; c¯a) =
ξ5/3η
15(1− e2t )3
{
(602 + 673e2t )χ+ (314− 203e2t − 111e4t ) lnχ− (602 + 673e2t ) +
−98 + 124e2t + 46e4t − 72e6t
χ
− 105(1− e
2
t )
3
χ2
}
+
ξ5/3η
5(1− e2t )7/2
{
96 + 292e2t + 37e
4
t
}{∫ [
2 tan−1
(
βt sinu
1− βt cosu
)
+ et sinu
]
χdu
}
+
ξ7/3η
4200(1− e2t )4
{[
1595556− 601720η+ (4666388− 3131660η)e2t + (1543861− 1132320η)e4t
]
χ
+
[
886836− 379960η+ (652508− 737660η)e2t − (1363589− 993300η)e4t − (175755− 124320η)e6t
]
lnχ
− 1595556+ 601720η− (4666388− 3131660η)e2t − (1543861− 1132320η)e4t +
[− 473436+ 339640η
+ (401134− 440720η)e2t + (596440− 66920η)e4t − (502538− 97440η)e6t − (21600− 70560η)e8t
] 1
χ
+
[− 186438− 77700η+ (465129 + 449820η)e2t − (276759 + 883260η)e4t − (96117− 727860η)e6t
+ (94185− 216720η)e8t
] 1
χ2
+
[− 56952 + 168000η+ (222768− 661920η)e2t − (321552− 967680η)e4t
+ (197568− 611520η)e6t − (36792− 127680η)e8t − (5040− 10080η)e10t
] 1
χ3
− (28770 + 29400η)(1− e
2
t )
5
χ4
+
40320(1− e2t )6
χ5
}
+
ξ7/3η
280(1− e2t )9/2
{
47248− 14784η+ (267592− 159600η)e2t + (193830− 141708η)e4t
+ (11717− 8288η)e6t
}{∫ [
2 tan−1
(
βt sinu
1− βt cosu
)
+ et sinu
]
χdu
}
+ c˜λ(l) , (40b)
where c˜l(l) and c˜λ(l) are given by Eqs. (36) and (36d),
respetively, and βt = (1 −
√
1− e2t )/et. Note that the
ontributions to λ˜(l) arising from the periastron advane
onstant k only appear at O(c−7).
In the next setion, we plot the urrent results obtained
in these subsetions and their inuenes on h+ and h×.
IV. VISUALIZATION OF SOME EXEMPLARY
3.5PN ACCURATE RESULTS
In this setion, we present a few samples of the tem-
poral evolution of c¯α and c˜α. These varying onstants
ause seular and periodi variations in the dynamial
variables that appear in the expressions for h+(t) and
h×(t), as given by Eqs. (3).
When we evolve orbital elements and gravitational
waveforms, we have to make sure that the eentri or-
bits we study lie inside the area of validity of our ap-
proah. This is guaranteed by terminating the orbital
evolution when the 3PN aurate version of the following
onstraint, disussed in Ref. [25℄, onneting the param-
eters n (via ξ = GMn/c3) and et, is violated:
ξ
(1− e2t )3/2
=
1
j3
<
1
483/2
∼ 3.007× 10−3 , (41)
where the dimenssionless angular-momentum variable is
given by j = cL/(µGM). The above inequality, obtain-
able from Eqs. (20) and (21) in Ref. [25℄, ensures that
we are staying suiently far away from the last stable
orbit (LSO). In this way, the usage of Eqs. (7) and (8) for
the onservative orbital dynamis and their ounterparts
when the dynamis is reative is fully justied. Aord-
ing to Eq. (41), we will terminate the orbital evolution
when j =
√
48. [Reall that for a test partile around a
Shwarzshild blak hole, the LSO is at j =
√
12.℄ Go-
ing beyond the above restrition will require the eetive
one body approah, being developed by Damour and his
ollaborators [see related disussions in Ref. [25℄℄.
We plot in this setion only dimensionless quantities
like ξ, in terms of dimensionless variables by making use
of the following inherent saling. The onversion to famil-
iar quantities like orbital frequeny f (in hertz) is given
by f ≡ n/(2pi) = c3ξ/(2piGM) = 3.2312× 104ξ(M⊙/M).
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Figure 1: The plots for n¯/ni and n˜/n versus l/(2pi), whih
gives the number of orbital revolutions. The adiabati in-
rease of n¯ is learly visible in panel 1, and the quasi-periodi
nature of the variations in n˜ is portrayed in panels 26. These
variations are governed by the reative 2.5PN and 3.5PN
equations of motion. In the seond and third row, these on-
tributions to n˜ are plotted individually and separated for the
initial and nal stages. The parameters eit and e
f
t denote ini-
tial and nal values of the time eentriity et, while ξ
i
and
ξf stand for similar values of the adimensional mean motion
ξ = GMn/c3. The panels are plotted for η = 0.25 and the
orbital evolution is terminated when j =
√
48.
This implies that for a ompat binary with the total
mass M = M⊙ and ξ = 10
−3
, the orbital frequeny will
be ∼ 30 Hz.
In Fig. 1 we plot n¯/ni, where ni is the initial value
of n, and n˜/n, as funtions of l/(2pi), whih gives the
evolution in terms of elapsed orbital yles. We learly
see an adiabati inrease of n¯ as well as the quasi-periodi
variations of n˜. These variations are governed by the
reative 2.5PN and 3.5PN equations of motion. In the
seond and third row of Fig. 1, these ontributions to n˜
are plotted individually and separated for the initial and
nal stages. These 2.5PN and 3.5PN ontributions are
obviously in-phase, and we observe that the saled 3.5PN
ontributions are only by a fator of ∼ 10 smaller than
their saled 2.5PN ounterparts.
Though, we have all the required omputations to plot
the seular and quasi-periodi variations in et, cl, and cλ
to the 1PN reative order, we do not attempt it here. As
expeted, we observed the same features at the 3.5PN
order, as detailed in Figs. 2 and 3 in Ref. [25℄ at the
2.5PN order  the adiabati derease of e¯t, the periodi
variations of e˜t, no seular evolution of c¯l and c¯λ, but
periodi variations in c˜l and c˜λ  and that is the main
reason for not dupliating these gures.
Finally, we plot in Fig. 2 the saled h+(t) and h×(t),
evolving under gravitational radiation reation, as fun-
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Figure 2: The plots for the saled h+(t) and h×(t) (Newtonian
in amplitude and 3.5PN in orbital motion) as funtions of
l/(2pi). The slow hirping and the amplitude modulation due
to the periastron preession are learly visible in the two upper
panels. In the two bottom panels, we zoom into the initial
stages of the orbital evolution in order to show the eet of
the periodi orbital motion and the periastron advane on
the saled h+(t) and h×(t). The initial and nal values of the
relevant orbital elements are marked on top of the plots. The
panels are plotted for a binary onsisting of equal masses, so
that η = 0.25, and the orbital inlination angle is given by
i = pi/3. The orbital evolution is terminated when j =
√
48.
tions of l/(2pi). [We fatored out Gµ/(c4R′) appearing
in h+|Q and h×|Q to get the saled waveforms.℄ We em-
ploy for these gures polarization amplitudes, whih are
Newtonian aurate, as given by Eqs. (3), while the or-
bital motion is 3.5PN aurate. We learly see hirping
due to radiation damping, amplitude modulation due to
periastron preession, and also orbital period variations.
We note that Figs. 1 and 2 an be used to illustrate the
various aspets of a ompat binary inspiral from soures
relevant for both LIGO and LISA. This is based on the
above mentioned saling argument. Let us detail this in
ase of the following two senarios. For instane, if we
hoose for the total mass M = 2.8M⊙  a binary inspi-
ral involving two 1.4M⊙ ompat objets  the variation
of ξ from 2.069× 10−3 to 3.0209× 10−3 in ∼ 264 orbital
yles orresponds to a inreasing orbital frequeny from
150 Hz to 219 Hz in ∼ 7.58 s. Similarly, for the hoie of
M = 105M⊙  a binary inspiral involving two supermas-
sive blak holes  the variation of ξ from 2.069 × 10−3
to 3.0209 × 10−3 in ∼ 264 orbital yles orresponds to
a inreasing orbital frequeny from ∼ 4.2 × 10−3 Hz to
∼ 6.1× 10−3 Hz in ∼ 3.1 days.
We onlude by noting that Fig. 1 shows learly the
existene of periodi variations in the orbital elements 
analytially investigated for the rst time in Ref. [25℄ and
improved to the 3.5PN order in this paper.
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V. CONCLUSIONS
Let us reapitulate. In this paper, we have inorpo-
rated the 3PN aurate onservative and the 1PN au-
rate reative dynamis in harmoni oordinates into the
phasing formalism to the 3.5PN order as a natural exten-
sion of the work presented in Ref. [25℄. This extension
was possible due to the very reent determination of the
3PN aurate generalized quasi-Keplerian parametriza-
tion for the onservative orbital motion of nonspinning
ompat binaries in eentri orbits [31℄. We applied
the method of Ref. [25℄ to onstrut, almost analytially,
templates for GW signals emitted by ompat binaries
moving in inspiralling and slowly preessing eentri or-
bits. An improved method of variation of arbitrary on-
stants, explained in great detail in Ref. [25℄, allowed us
to ombine the three dierent but relevant time sales,
namely, those assoiated with the radial motion (orbital
period), advane of periastron, and radiation reation,
to the 3.5PN order without making the usual approxi-
mation of treating adiabatially the radiative time sale.
In this ontext, we reall that the two-sale deompo-
sition helped us to model aurately and eiently the
time evolution of the assoiated dynamial variables. We
employed harmoni oordinates in this paper as alula-
tions that provided searh templates for ompat bina-
ries in quasi-irular orbits usually employ the harmoni
gauge.
The expliit omputations provided in this paper will
be required to onstrut aurate and eient searh
templates for gravitational waves from ompat binaries
of arbitrarymass ratio moving in inspiralling eentri or-
bits. Our detailed alulations will have to be employed,
if the earth-based GW interferometers plan to searh for
gravitational waves from ompat binaries with residual
eentriities, motivated by a plethora of reent astro-
physial investigations [413℄. The proposed spae-based
GW interferometers like LISA, BBO, and DECIGO will
have to depend on our results to do astrophysis. It is
interesting to note that our results will be required by
LISA to searh for gravitational waves from stellar-mass,
intermediate-mass, and supermassive blak-hole binaries
as these binaries will likely to be in inspiralling een-
tri orbits. Another area where our omputations an be
quite eetive will be the early stages of extreme mass
ratio inspiral (EMRI) as relevant for LISA. Our urrent
results should be also useful to benhmark eorts that
are required to obtain reliable EMRI templates [50℄.
There are many avenues that will require detailed in-
vestigations in the near future and we list only a few of
them below. In this paper, the onservative dynamis
was restrited to ompat binaries onsisting of nonspin-
ning point masses. Naturally, it is desirable to inlude
spin eets into our omputations. A rst step in this
diretion was taken in Ref. [43℄, where the 3PN aurate
generalized quasi-Keplerian parametrization for the on-
servative dynamis of spinning ompat binaries, moving
in eentri orbits, when the spin eets are restrited
to the leading-order spin-orbit interation, is presented.
We also negleted, for simpliity, expliit PN orretions
to the GW polarization amplitudes of h+ and h×, and
restrited them to their leading quadrupolar order. How-
ever, it is possible to obtain 2PN aurate orretions to
these amplitudes, using Refs. [25, 41℄. In order to make
the numerial implementation of our omputations more
eient and aurate, it is also desirable to provide better
ways of solving the 3PN aurate Kepler equation. An-
other line of investigation should deal with a extension of
these omputations so that we have a dependable desrip-
tion for the orbital evolution near the LSO. Finally, these
templates naturally trigger lots of data analysis investi-
gations relevant for both ground-based and spae-based
GW interferometers. Many of the above mentioned issues
are urrently under investigation.
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Appendix A: CONSTRUCTION OF AN EXACT
RELATION FOR v − u
In this appendix, we provide the details involved in the
derivation of the exat relation for v − u, whih is also
periodi in u:
v − u = 2 tan−1
(
βφ sinu
1− βφ cosu
)
, (A1)
where βφ = (1−
√
1− e2φ)/eφ. This relation allows us to
avoid the usage of the ommonly employed innite series
expression for v − u, namely,
v − u = 2
∞∑
i=1
βiφ
i
sin iu . (A2)
In order to dedue Eq. (A1), we start from the follow-
ing identity
v − u ≡ 2 tan−1
[
tan
(
v − u
2
)]
. (A3)
Using therein
tan(α− β) = tanα− tanβ
1 + tanα tanβ
, (A4)
20
leads to
v − u = 2 tan−1
[
tan v2 − tan u2
1 + tan v2 tan
u
2
]
. (A5)
The relation onneting the true anomaly v to the een-
tri anomaly u, as given by Eq. (9), is used to replae
tan(v/2) in the above equation. In this way, we obtain
v − u = 2 tan−1
[
(Qφ − 1) tan u2
1 +Qφ tan
2 u
2
]
, (A6)
where
Qφ =
(
1 + eφ
1− eφ
)1/2
. (A7)
With the help of
tan
u
2
=
sinu
1 + cosu
, (A8)
we rewrite Eq. (A6) as
v − u = 2 tan−1

 Qφ−1Qφ+1 sinu
1− Qφ−1Qφ+1 cosu

 . (A9)
Now, let us all
βφ ≡ Qφ − 1
Qφ + 1
, (A10)
whih an be simplied to
βφ =
1−
√
1− e2φ
eφ
. (A11)
Finally, the ombination of Eqs. (A9)(A11) diretly
leads to Eq. (A1).
In addition, analog to the above derivation, we on-
struted the following exat relation, involving the time
eentriity et instead of eφ,
2 tan−1
[(
1 + et
1− et
)1/2
tan
u
2
]
− u
= 2 tan−1
(
βt sinu
1− βt cosu
)
, (A12)
where βt = (1−
√
1− e2t )/et, whih was required in ase
of Eqs. (36a) and (36b).
Appendix B: 2PN ACCURATE ADIABATIC
EVOLUTION OF n¯ AND e¯t IN HARMONIC
COORDINATES
Following Ref. [25℄, let us briey show in this appendix
how to obtain, in harmoni oordinates, the 2PN au-
rate seular hanges in n¯ and e¯t. The PN aurate dif-
ferential equations for n¯ and e¯t are omputed using the
heuristi arguments, detailed in Ref. [48℄ and in Se. VI
in Ref. [25℄. In the heuristi determination of the evolu-
tion equations for n¯ and e¯t, one employs PN aurate ex-
pressions for n and et, and the far-zone (FZ) energy and
angular-momentum uxes. The PN aurate expressions
for dn¯/dt and de¯t/dt are then obtained by dierentiating
the PN aurate expressions for n and et, expressed in
terms of E and L, with respet to time and then heuris-
tially equating the resulting time derivatives of E and
L to the orbital averaged expressions for the FZ energy
and angular-momentum uxes. For the ease of imple-
mentation, we split the 2PN aurate omputations of
dn¯/dt and de¯t/dt into two parts. The rst part ontains
the purely instantaneous 2PN orretions and the se-
ond part onsiders the so-alled tail ontributions [51℄,
appearing at the 1.5PN (reative) order and derived for
the rst time in Refs. [52, 53℄. The omputations to get
the instantaneous ontributions begin with the 2PN or-
retions to the FZ uxes, in harmoni gauge, in terms
of r, r˙, and v2 available in Ref. [41℄. These FZ uxes
are orbital averaged, using the 2PN aurate general-
ized quasi-Keplerian parametrization for elliptial orbits
in harmoni gauge, following the presripton detailed in
Ref. [48℄. We perform the orbital average by using an
additional ingredient, namely, the relation onneting dl
and du to 2PN order in harmoni oordinates
dl
du
= χ+
ξ4/3
8χ2
√
1− e2t
[
(15η − η2)(1− e2t )3/2
+ (60− 39η + η2)χ
√
1− e2t − (60− 24η)χ2
]
,
(B1)
where χ = 1 − et cosu. The resulting denite integrals
are easily omputed, using Eq. (31). Now, we ompute
the time derivatives of the PN aurate expressions for n
and et and equate the resulting time derivatives of E and
L to the orbital averaged expressions for the FZ energy
and angular-momentum uxes, respetively, to get the
PN aurate expressions for dn¯/dt and de¯t/dt in terms of
E, L, M , and η. Finally, we use Eqs. (21) to obtain the
dierential equations for n¯ and e¯t in terms of n¯, e¯t, M ,
and η. The resulting 2PN aurate instantaneous on-
tributions to dn¯/dt and de¯t/dt, in harmoni oordinates,
are given by
dn¯
dt
= ξ¯5/3n¯2η
{
˙¯nN + ˙¯n1PN + ˙¯n2PN
}
, (B2a)
de¯t
dt
= −ξ¯5/3n¯ηe¯t
{
˙¯eNt + ˙¯e
1PN
t + ˙¯e
2PN
t
}
, (B2b)
where the various instantaneous PN aurate orretions,
namely,
˙¯nN, ˙¯n1PN, ˙¯n2PN, ˙¯eNt , ˙¯e
1PN
t , and
˙¯e2PNt , read
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˙¯nN =
1
5(1− e¯2t )7/2
{
96 + 292e¯2t + 37e¯
4
t
}
, (B3a)
˙¯n1PN =
ξ¯2/3
280(1− e¯2t )9/2
{
20368− 14784η+ (219880− 159600η)e¯2t + (197022− 141708η)e¯4t + (11717− 8288η)e¯6t
}
,
(B3b)
˙¯n2PN =
ξ¯4/3
30240(1− e¯2t )11/2
{
12592864− 13677408η+ 1903104η2 + (133049696− 185538528η+ 61282032η2)e¯2t
+ (284496744− 411892776η+ 166506060η2)e¯4t + (112598442− 142089066η+ 64828848η2)e¯6t
+ (3523113− 3259980η+ 1964256η2)e¯8t + 3024(96 + 4268e¯2t + 4386e¯4t + 175e¯6t )(5 − 2η)
√
1− e¯2t
}
, (B3)
˙¯eNt =
1
15(1− e¯2t )5/2
{
304 + 121e¯2t
}
, (B3d)
˙¯e1PNt =
ξ¯2/3
2520(1− e¯2t )7/2
{
340968− 228704η+ (880632− 651252η)e¯2t + (125361− 93184η)e¯4t
}
, (B3e)
˙¯e2PNt =
ξ¯4/3
30240(1− e¯2t )9/2
{
20815216− 25375248η+ 4548096η2 + (87568332− 128909916η+ 48711348η2)e¯2t
+ (69916862− 93522570η+ 42810096η2)e¯4t + (3786543− 4344852η+ 2758560η2)e¯6t
+ 1008(2672+ 6963e¯2t + 565e¯
4
t )(5− 2η)
√
1− e¯2t
}
, (B3f)
where ξ¯ ≡ GMn¯/c3. The tail ontributions to dn¯/dt and
de¯t/dt, whih appear at the 1.5PN order, are already
presented in Se. VI in Ref. [25℄, given by Eqs. (70) and
(71) therein.
We have heked that to the 1PN order the above on-
tributions are in exellent agreement with Eqs. (68) and
(69) in Ref. [25℄, whih give the instantaneous 2PN a-
urate ontributions to dn¯/dt and de¯t/dt in ADM gauge.
Note also the expeted dierenes at higher-PN orders
between the harmoni and the ADM gauge. We on-
lude by noting that the artile providing the 3PN au-
rate ontributions to dn¯/dt and de¯t/dt is urrently under
preparation [54℄.
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